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Direct Approach in Inverse Problems for Dynamic Systems

Ki-Ook Kim,* Jin Yeon Cho," and Young-Jae Choi*
Inha University, Incheon 402-751, Republic of Korea

A direct and effective approach is presented for the inverse problem of dynamic structural systems, which is
related to structural optimization, system identification, and damage detection. The structural modifications are
sought for the characteristic changes assigned from the design goals or modal measurements. A finite element
method is used for the system analysis and inverse problem. Mathematical programming techniques are applied
for the minimization of the deviation of the finite element model from the desired inverse system, along with an
objective function of least structural change. The modal method is based on the perturbation equations of a set of
selected degrees of freedom and the energy equation associated with the frequency change. The mode shape change
is expressed as the sum of the baseline mode shape and complementary vector, which plays a very important role
in the search for the inverse solution. The linear perturbation equation is employed to get an initial approximation,
which can be improved through iterations with the nonlinear perturbation equation. The proposed method does
not involve the system reduction. Therefore, it is believed to be superior to conventional methods, which suffer
from the residual error due to transformation of the eigenproblem.

Nomenclature

{A};,{A,}; = coefficient vectors for «, original and primary
{B}, {B,} = constant vectors, original and primary
{C}, {C,} = constant vectors, original and primary
c = self-contribution factor
[D],[D,-1] = dynamic stiffness matrices, original

and partitioned
J = number of structural variables
k], [K'] = stiffness matrices, baseline and perturbed
L = number of modes
[m], [m'] = mass matrices, baseline and perturbed
n = dimension of baseline system
{S} {S, -1} = constant vectors, original and partitioned
{T};,{T,-1}; = -coefficient vectors for «;, original

and partitioned
of, ..., 0y = structural variables
af,af = lower and upper bounds for «;
[Ak], [Ak]; = stiffness changes for system and ;
[Am],[Am]; = masschanges for system and «;
AA = eigenvalue change
{Ap} = mode shape change
A, A = eigenvalues, baseline and perturbed
{0}, {9’} = mode shapes, baseline and perturbed
(D}, {05} = primary and secondary sets
&, A, = reference degree of freedom and its change
(v}, (¥} = complementary vector, original and primary
Subscript
app = approximation

Introduction

VER-INCREASING capabilities of digital computers have en-
abled finite element theories to serve as a practical tool for the
analysis and synthesis of complicated structures. Continuous struc-
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tural properties such as stiffness and mass are discretized to yield a
finite element model, which is used to obtain the desired static and
dynamic responses of the structural system.

When the structural analysis indicates undesirable characteris-
tics, it is not easy to know where and how much the baseline sys-
tem should be modified to achieve the desired goals. In structural
optimization,'~* equilibrium equations of the perturbed system can
be combined with mathematical programming techniques to get an
optimum design.

Although the finite element analysis is usually accurate enough to
describe the structural behavior of the real system, modeling errors
from various sources can arouse a serious question about the credi-
bility of the finite element solution. Then, the finite element model
is updated, so that the numerical solution may get closer to the test
results. The procedure of system identification or model updating*~°
adjusts the inherent mismatch between the analytical and real sys-
tems, that is, it validates the finite element model by the use of the
measured data of the system characteristics. Computer simulations
with the updated model can provide the structural responses that
cannot be obtained through practical engineering tests.

Inrecent years, increasing attention has been focused on structural
health monitoring and damage detection’~? in aerospace, nuclear,
and civil engineering fields. Periodic tests and measurements are
carried out to check the probability of structural failure. Detection
of the structural damage reveals both the location and extent of the
element changes in the system. For a general discussion, readers
are referred to the comprehensive research works of Friswell and
Mottershead,'® Friswell et al.,!' and Penny et al.,'> which have mo-
tivated the present study.

In the inverse problem of structural optimization, system identi-
fication, and damage detection, the baseline structure is modified to
get a perturbed system that gives the specified static and dynamic
characteristics. In structural optimization, an optimum design is se-
lected from many feasible solutions, whereas a unique structure
must be determined in damage detection. On the other hand, the
system identification may yield a single or several inverse systems
that can be used for structural simulations.

A common approach to inverse problems is the modal method,
in which the changes in modal characteristics (natural frequencies
and mode shapes) are related to the modifications of the structural
properties (stiffness and mass). In practice, various problems are
encountered in the theoretical formulation as well as engineering
measurement.

Asis well known, the accuracy of eigenvalue is of the second order
when eigenvector differs from the exact value by a small quantity
of the first order.'? In typical measurements for natural frequency
and mode shape, about 0.1 and 10% errors were observed.'* Hence,
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natural frequencies (eigenvalues) are preferred over mode shapes
for the modal data.

A minor problem occurs in that the energy equation associated
with the eigenvalue is only a necessary condition for the system
equilibrium and, hence, cannot provide sufficient information for
the inverse solution.'> In addition, the energy of an eigenmode is
the sum of energies of all elements (or degrees of freedom) and,
thus, the effects of an element change are spread over the entire
structure. Hence, natural frequencies become less sensitive to ele-
ment changes.

Another problem comes from the fact that all degrees of freedom
cannot be given in mode shapes. In structural optimization, major
components are specified as desired and others are free to drift.
In system identification and damage detection, a limited number
of sensors are placed on the measurable degrees of freedom at the
accessible nodes of the real structure.

Therefore, primary (master) degrees of freedom are given in the
formulation, and secondary (slave) ones are omitted. The trans-
formation between the primary and secondary sets is conducted
with the structural matrices (physical approach)'®~!? or mode shapes
(mathematical approach).?*2! Through the system transformation,
the equilibrium equation is approximated in terms of the primary
set, which represents the eigenvector of the reduced eigenproblem.

In the present study, only the equilibrium equations of the primary
degrees of freedom are employed, along with the energy equation
related to the eigenvalue change. Because the dynamic stiffness
matrix is singular, the mode shape change is expressed as the sum
of the baseline mode and a complementary vector, which plays an
important role for the inverse solution.

Mathematical programming techniques are applied for the mini-
mization of the deviation of the finite element model from the desired
inverse system. The objective function of least structural change
tends to distribute the element changes over the entire structure,
which may be desirable in optimization but rather misleading in the
search for a unique solution.

The proposed method does not involve system reductions and,
hence, is not subject to the residual error due to system transfor-
mation. The linear perturbation equation gives a good approxima-
tion, which can be improved through iterations with the nonlinear
equation.

Inclusion of more modes shows an overall tendency of steady, if
not uniform, convergence of the inverse solution. Sometimes, the
primary degrees of freedom of the added modes may be linearly
dependent to some extent and, hence, give a minor improvement.
Normalization of the energy equations by eigenvalues is recom-
mended to accelerate the convergence.

The sensitivities of the characteristic variables are much larger
than those of the structural variables, causing small errors in mea-
surement to bring excessive structural modifications. Further re-
search is required to explore numerical instability of the perturbed
system.

Problem Formulation

In finite element dynamic analysis, the equilibrium equation of
undamped free vibration is written as a general eigenproblem:

[k]{¢} = A[m]{¢} €y
where [k] and [m] are the stiffness and mass matrices. An eigenpair

is given as A and {¢}.
Modifications of the baseline structure yield a perturbed system,

[K'N¢'} = A'Im"1{¢'} @
that can be expressed in terms of perturbations as

(k1 +[AkD (g} + {Ad)) = (A + AV (Im]+ [Am]) ({¢} + {Ag})
3

The nonlinear perturbation equation has terms up to third order in
perturbation.

In the forward perturbation, for reanalysis and design sensitivity
analysis, the characteristic changes AA and {A¢} are calculated
from the structural modifications [Ak] and [Am]. The procedure is
straightforward, and the solution is unique.

In inverse problems, however, the perturbed structure of [k'] and
[m'] is sought to get the desired modal characteristics A" and {¢'}. In
structural optimization, there may exist many feasible systems that
give the specified characteristic changes. Then, an objective function
of minimum weight or least change is assigned to get an optimum
solution. On the other hand, a single inverse system must be uniquely
determined in system identification and damage detection. Hence,
the problem usually becomes overdetermined.

A practical question is what and how much information should be
provided to calculate the correct structural changes, accurately and
efficiently. The more modes and degrees of freedom are included, the
better solution can be obtained through an increased computational
effort. The information needs to be linearly independent to minimize
the redundancy.

The nonlinear perturbation equation (3) can be rearranged to get

([k] = AlmD{A¢} = —([Ak] — AlAmD) ({9} + {Ad})
+ Ai([m] + [Am])({¢} + {Ag}) “

Assuming that the structural modifications and the consequent
characteristic changes are small, one obtains the linear perturbation
equation

(k] = A[mD{A¢} = —([Ak] — A[Am]){d} + Ar[m]{¢} (5)

The structural perturbations are decomposed into the contribu-
tions of J structural variables:

J
[AK] = [AK]y + -+ [AK], = ) [AK]

j=1

J
[Am] = [Am]; + -+ [Am]; = Y [Am];  (6)
j=1
where [Ak]; and [Am]; are linear or nonlinear functions of the

structural variable ;.
Substituting Eq. (6) into Eq. (5), one gets

(k] = AmD{Ad} = —{T} — -+ = {T'}, +{S} (N
where
{T}; = ([Ak]; — A[Am];){o} i=1...,7
{S} = Arlm]{¢} (®)

Note that the vector {T'}; contains the structural variable o;.
The equilibrium equation (1) of the baseline system can be rewrit-
ten as

([k] = A[mD{s} = {0} ©)

From Egs. (7) and (9), it can easily be seen that an arbitrary
combination of {¢} with { A¢} satisfies the perturbation equation (7).
Hence, a complementary vector {i} is introduced as

{Ad} = {¥} + clo} 10)

where the self-contribution factor ¢ is determined according to the
mode normalization.

When mass normalization is employed for both {¢} and {¢'}, we
have

(@) Imlip) = 1, {9} Im'{e'y =1 an

If {¢} is orthogonal to {¢} with respect to [m], the first-order
perturbation equation of the mass normalization gives

¢ = —3{¢) [Am]{¢} (12)
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In the current work, a reference degree of freedom is selected to
have fixed magnitudes. Then, the reference components of {¢} and
{¢'} are compared to obtain the change Ag,:

A, =, — &, (13)

To remove the singularity of the dynamic stiffness matrix in the
inverse calculation, the reference row and column are partitioned out
and the corresponding component of {1} is set to zero or ¥, =0.
Then, Eq. (10) can be rewritten as

{A¢}={Az;1}:{wnol}+c{¢;l} (14)

c=Ad/¢r (15)

or

For simplicity, the largest component is often selected as the refer-
ence degree of freedom with unit magnitude. If structural modifi-
cations and consequent characteristic changes are small, no mode
shift occurs, and we get ¢, = ¢, =1, A¢, =0, and ¢ =0.

On the other hand, substitution of Eq. (10) into Eq. (7) gives

[Dy} = —{Th —---— (T}, +{S} (16)

Note that the dynamic stiffness matrix [D] = [k] — A[m] is singular.
For a distinct eigenvalue A, the matrix [ D] has the rank of n — 1.
Through partitioning out the reference row and column, we get a

nonsingular matrix [D,, _]. Elimination of the relevant rows from
{¥}, {T};, and {S} in Eq. (16) gives {y, -1}, {T,-1};, and {S, 1 }:

[Dy WY1} =—Tith— - —{Th ol + {81} A7)

Equation (17) can be solved to get

W) =—{A b = — (A +1{C ) (18)
where
{An1); =Dy 17T, 1)y, j=1.J
{Comt) =[Du 117801} (19)

As was mentioned before, the mode shape can be divided into
primary and secondary parts:

¢ _ o] |29
{#) = { =10 A, (20)

@ &5 Ad;
The specified or measured degrees of freedom are included in the
primary set {db;} (or {A¢,}). The secondary set {¢.} (or {A¢,})

represents the free or unknown components.
In the same way, Eq. (10) can be written in partitioned form as

A P u P

A¢S wS ¢S
Because the modal data of {A¢),} is given, the primary set of {y/} is
obtained as

(¥} = {Adp} — clop} (22)

From Eq. (18), the equations for the primary degrees of freedom
can be extracted as

{Wp} = _{Ap}l - {Ap}./ + {Cp} (23)
which is rearranged to get

{Aph +--+{Ap) ={Cp} — (¥} = {B)) 24

The energy equation for the eigenvalue change can be used to
secure the solution convergence. Premultiplication of Eq. (5) by
(¢} gives

{¢} ([AK] — A[AmD{¢} = Ar{p} [m]{p} (25)
Substitution of Eq. (6) into Eq. (25) yields

DY ATH + -+ (o} (T}, = (#} (S} (26)
The left-hand sides of Eqgs. (24) and (26) contain the structural
variables «q, ..., ay, which are determined in the inverse solution.

The equilibrium equations of the perturbed system are used as equal-
ity constraints in the mathematical programming techniques.

Iteration Procedures

Linear Perturbation Equation

The iteration procedure for the inverse solution starts from the
linear perturbation equation (5). For an objective function of least
structural change and the equality constraint equations (24) and (26),
the mathematical programming problem is written as

T 2 2
F={a} {a}) =0+ +a
minimized, with constraints

{Ap}l +---+ {Ap}l = {Bp}

Y ATh + -+ {8} T}, = {8} {S)

afSajSa;/, j=1...,J 27

Figure 1 shows the flow diagram of the solution procedure of lin-
ear perturbation equation. The stiffness and mass matrices, [Ak];
and [Am];, are derived for each design variable o;. The corre-
sponding coefficient vectors, {T'}; and {A, _,}; are calculated for
each mode. The primary set {A,}; is selected from {A, _};.

The constant vectors {S} and {C,, _  } are calculated for each mode.
The given primary data {A¢,} and {¢,} are applied to get {1, }. The
primary set of {C,, _} is selected to obtain {C),}, and the right-hand
side of the equation {B),} is determined.

The energy equation for the eigenvalue change is added to im-
prove the solution convergence. Normalization of the equations by
the eigenvalues is recommended if significant changes are speci-
fied on eigenvalues. Side constraints may be assigned for the lower
and upper bounds of the variables. The mathematical programming
gives an approximation {o}app.

For the subsequent iteration with the nonlinear perturbation
equation, [m'] and {¢'} are updated through system reanalysis. The
element changes with {a},, are added to get the structural modifi-
cations of the system, [Ak],p and [Am]qpp:

[Ak]app = [Ak]l +---+ [Ak]l

[Am]app = [Am]l +-+ [Am]j (28)

[AKT,,[Am], A
[ [
{T},; = ([Ak]; — AlAm],) {4} {8} =AM [m]{g}
{4, },‘ =[D,, ]" {Tnfl}j {Cl—l} =[D,, ]71 {Sn—l}
[ |
“,}, B,}=(C,}- v}

[ |
I

A ++{4,}, ={B,}
BT+ + BT, =(9) S}
|

@}

Fig. 1 Flow diagram of linear perturbation.
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The structural perturbations are substituted into the linear pertur-
bation equation, and the decomposed matrix of [ D, ;] is employed
to get {1, _1}app- The complementary vector {v},p, is combined
with the baseline mode shape {¢} to calculate {A¢},,. Finally, one
gets the updated mode shape {¢'},,, and mass matrix [m’]y,p, as
shown in Fig. 2.

Nonlinear Perturbation Equation
The linear perturbation equation gives a good approximation,
which can be improved through nonlinear iterations. The nonlinear

(@}

I

[Am]

[

(DN }agy = = ([Ak],y, — ALAm],p ) {B} + AALm] {g}

|

Aty = W hapy +cid}
I

{8} = 8} {08}y

[AkLyy, [Am],,

('], =[m]+[Am]

app

Fig. 2 Flow diagram of linear update.

[AK],,[Am], AL
I |
{T'}; = ([Ak]; = ALAm] ) {'} o {8} =AM [m'],p {8 Y
4.}, =D, T}, {Ca'}=[D. 15,1}
| |
{4,'"}; {B,'} =1{C,"} —{v,}

I I
|

{4, ++{4,"}, ={B,"}
AT+ + )T}, =19} (ST

(@}

Fig. 3 Flow diagram of nonlinear perturbation.
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perturbation equation (4) can be rewritten as

(k] = AlmD{A¢} = —([AK] — ALAMD{@ Yapp + AX[M Tapp {9 Yapp
(29)

The problem of mathematical programming for nonlinear iterations
is written as

F={a){a}=aj+ - +0a]

minimized, with constraints

(A 4+ A} = {B,)
YT h + -+ YT = {9} (S)
af <a;<af, j=1...J (30)

Figure 3 shows the calculation procedure of nonlinear inverse
solution. Note that the primary part of the complementary vector
remains constant. The update of {¢'} and [m'] is shown in Fig. 4.

Numerical Examples

Cantilever Beam

The flexural vibration of a cantilever beam?? is used for the de-
tectability and accuracy assessment of the proposed method. The
finite element model has 15 small and 10 large beam elements, as
shown in Fig. 5. The planar bending motion will be described by
the use of the translational and rotational displacements of 25 un-
constrained nodes. Hence, the structural system has 50 degrees of
freedom.

For simplicity, the width b of the beam element was defined as the
structural variable. Hence, the change of the design variable would
affect both the mass and the stiffness of the system. The widths of
four elements 5, 10, 19, and 25 were reduced, as shown in Fig. 6.

A finite element program was used to obtain the eigenvalues of the
baseline and perturbed systems listed in Table 1. Note that even the
significant element modifications do not cause noticeable changes
in the eigenvalues, resulting in small design sensitivities.

The transverse displacement of the tip was selected as the ref-
erence degree of freedom. The exact modal data of the perturbed
system were used for both the eigenvalues and the translational de-
grees of freedom of nine primary nodes, as shown in Fig. 7. The
primary set? is known to be a good selection in the physical trans-
formation.

{a} app

[Ak],,,, [Am]

app 2 app

[DHY }app = = ([AK Ly = ALAM] ) {9} + A ] {0}y

{A¢}app = {l//'}app + C{¢}

(7' ]opp, = [m]+[Am]

app

{0}y =10} + ALy

Fig. 4 Flow diagram of nonlinear update.

123 45 6789101112131415 16

1

1% 19 2 A

HENNEERENEREEEEN

[1In
e

b

Fig. 5 Baseline beam in flexural vibration: =40 mm, » =40 mm, L=3.5 m, E=6.9 x 10* MPa, and p=2.7 x 10~ Ns?/mm.*
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Table 1 Eigenvalues of cantilever beams

Mode Baseline Perturbed % change
1 2.80703 x 10? 2.93392 x 102 +4.52
2 1.10244 x 10* 1.14945 x 10* +4.26
3 8.64349 x 10* 9.02208 x 10* +4.38
4 3.31948 x 10° 3.47170 x 10° +4.59
5 9.07265 x 10° 9.39662 x 10° +3.57

Table 2 Eigenvalue of inverse system (mode 1)

Mode 1 Value % change
Perturbed 2.93392 x 10% +4.52
Inverse 2.93389 x 10% +4.52
5% r
0%
'6'23 -5% I
< -10%
O -15%
£ -20%
g -25%
-30%
-35% *
ELEMENTS

Fig. 6 Perturbed beam elements.

7 f 711
I8 O A

Fig. 7 Primary and reference nodes.

15%
10%
5%
0%
-5%
-10%
-15%
-20%
-25% -

WIDTH CHANGE

ELEMENTS

Fig. 8 Inverse solution (mode 1).

In five subcases, the number of modes was increased one by one to
observe the overall detectability of the inverse solution. To examine
the solution accuracy, the eigenvalues of the inverse systems were
compared with those of the perturbed system.

A penalty function method was employed, and the convergence
tolerance was set to 10% variation of the design variables, or
[[{Aa}|l. The objective function of least structural change would
not only tend to spread the effects of an element change over the
entire structure, but also prevent the design variables from jumping
to excessive values in iterations.

In general, the first nonlinear iteration shows a considerable varia-
tion of the structural variables from the linear perturbation solution.
Hence, two or more nonlinear iterations were carried out to stabilize
the solutions.

Mode 1

The inverse problem has 10 equations for 25 variables and, hence,
becomes underdetermined. The inverse solution of two nonlinear
iterations gave the element changes in Fig. 8, which were far from the
real perturbations in Fig. 6. The inverse system gives the eigenvalue
in Table 2.

Table 3 Eigenvalues of inverse system (modes 1 and 2)

Mode Perturbed % change Inverse % change
1 2.93392 x 10? +4.52 2.93401 x 102 +4.52
2 1.14945 x 104 +4.26 1.14937 x 10* +4.26

Table 4 Eigenvalues of inverse system (modes 1-3)

Mode Perturbed % change Inverse % change
1 2.93392 x 10% +4.52 2.93361 x 10% +4.51
2 1.14945 x 10* +4.26 1.14944 x 10* +4.26
3 9.02208 x 10* +4.38 9.02173 x 10* +4.38

10% r

5%

G 0%
Z 5%
T -10%
;’ -15%
5 -20%
s -25%

-30%

-35% -

ELEMENTS

Fig. 9 Inverse solution (modes 1 and 2).

15%
10% |
% |
0%
-5%
-10%
-15%
-20%
-25%
-30%

WIDTH CHANGE

ELEMENTS

Fig. 10 Inverse solution (modes 1-3).

Modes 1 and 2

Inclusion of the second mode will double the number of equa-
tions to make 20, still resulting in an underdetermined problem. The
element changes obtained after eight nonlinear iterations are shown
in Fig. 9. Table 3 shows the eigenvalues of the inverse system.

Modes 1-3

When three modes are involved in the equation formulation, the
inverse problem has 30 equations for 25 variables and, hence, be-
comes overdetermined. The inverse solution took nine nonlinear
iterations to get the element changes shown in Fig. 10.

More correct element perturbations appear with minor distur-
bances, in particular, near the tip of the beam. The perturbed ele-
ment 5, which is located near the wall and experiences small dis-
placements, does not come out yet. The eigenvalues are illustrated
in Table 4.

Modes 14

The element changes in Fig. 11 were obtained with nine nonlinear
iterations. Still, the perturbed element 5 near the wall was hidden
between the adjacent elements 4 and 6, whereas the other element
perturbations were found correctly.

Inclusion of an additional mode does not always guarantee a
uniform improvement in the solution if the primary modal data are
somewhat linearly dependent on those of other modes. Nevertheless,
the inverse procedure yields a slow but steady improvement in the
detectability of the converged solution. The inverse system gives the
accurate eigenvalues as shown in Table 5.
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Table 5 Eigenvalues of inverse system (modes 1-4)

Mode Perturbed % change Inverse % change
1 2.93392 x 10% +4.52 2.93347 x 102 +4.50
2 1.14945 x 10* +4.26 1.14942 x 10* +4.26
3 9.02208 x 10* +4.38 9.02148 x 10* +4.37
4 3.47170 x 10° +4.59 3.47116 x 10° +4.57

Table 6 Eigenvalues of inverse system (modes 1-5)

Mode Perturbed % change Inverse % change
1 2.93392 x 10% +4.52 2.93552 x 10? +4.58
2 1.14945 x 10* +4.26 1.14958 x 10* +4.28
3 9.02208 x 10* +4.38 9.02386 x 10* +4.40
4 3.47170 x 10° +4.59 3.47235 x 10° +4.61
5 9.39662 x 10° +3.57 9.39783 x 107 +3.58
5%
w 0% r
(2'7 -5%
% -10%
O -15% B
E -20%
S -25%
-30%
-35%
ELEMENTS
Fig. 11 Inverse solution (modes 1-4).
5%
0% - -
& -5%
Z -10%
T
O -15%
E -20%
S -25%
-30%
-35%
ELEMENTS
Fig. 12 Inverse solution (modes 1-5).
2 4 4 9 6
3 8
5 0]
2 7 L
1 6
[l L ;{: L 2"

<

Fig. 13 Truss structure in planar motion: A=10 mm X 10 mm,
L=1m,E=6.9 x 10* MPa, and p=2.7 X 10~? Ns?*/mm*.

Modes 1-5

The addition of fifth mode gave a drastic improvement for the
inverse solution. A total of 14 nonlinear iterations were performed
to get the perturbed elements correctly, as shown in Fig. 12. The
reanalysis of the inverse system gives the eigenvalues in Table 6.

Truss Structure

Another numerical example is a truss structure of Fig. 13. The
system has 6 nodes and 10 bar elements that carry only axial loads.
With four unconstrained nodes moving in a planar motion, the sys-
tem has eight translational degrees of freedom.

Table 7 Eigenvalues of truss structures

Mode Baseline Perturbed % change
1 1.67661 x 10° 1.61650 x 10° -3.59
2 1.18949 x 107 1.14531 x 107 —3.71
3 1.61529 x 107 1.49417 x 107 —7.50
4 5.18046 x 107 5.17365 x 107 —0.13
5 9.02966 x 107 8.33865 x 107 —7.65
—&— ELEMENT 3 —8— ELEMENT 9 —&— ELEMENT 10
5% r
: 0N
(24
< 5%
[V
5 N\
n -10%
4 N
g 1 = e
sy
O -20% ]
_25% , . . . ,
0 1 2 3 4 5

NUMBER OF MODES

Fig. 14 Convergence of bar elements.

The cross-sectional areas of the elements are defined as the struc-
tural variables. In this case, only the element stiffness was allowed
to change, whereas the mass remains constant. The cross-sectional
areas of three elements, 3, 9, and 10, have been reduced by 20%.
The eigenvalues of the baseline and perturbed systems are shown in
Table 7.

The vertical displacement of node 6 is the reference degree of
freedom. The primary set includes the vertical displacements of
nodes 3, 4, and 5. For 10 structural variables, the inverse problem
has four equations in each mode.

The same solution procedure was applied to get the inverse sys-
tem. Figure 14 illustrates the perturbed elements converging to
—20% as the number of modes increases to five.

As before, the number of modes was increased one by one in
five subcases. The solution convergence was achieved with 8—13
nonlinear iterations. In all subcases, the inverse systems gave the
accurate eigenvalues specified from the perturbed system.

Conclusions

An iterative method has been presented for the inverse problem of
dynamic structural systems. The method is based on the equilibrium
equations of a set of selected degrees of freedom and the energy
equation associated with the frequency change. The mode shape
change is expressed as a combination of the baseline mode shape
and a complementary vector.

A penalty function method was employed, along with an objective
function of least structural change. The linear perturbation equation
gives a good approximation for iterations with the nonlinear pertur-
bation equation. The incremental change of the structural variables
is used for the convergence criterion.

As more modes are involved in the formulation, the inverse prob-
lem becomes highly overdetermined. In practice, however, the pri-
mary modal data may be redundant or linearly dependent to some
extent. Inclusion of additional modes gives a steady, if not uniform,
improvement in the detectability of the inverse solution. The reanal-
ysis of the inverse systems shows the exact modal characteristics
specified from the perturbed system.

Normalization of the energy equations with eigenvalues is rec-
ommended when many modes are employed in inverse problems.
It was found that errors in the modal data had significant effects on
the accuracy of the inverse solution. Further research work is under
way to secure the numerical stability in the inverse problem. The
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authors are investigating a scheme of allowing the inverse system
to adjust the given modal data during the nonlinear iterations.
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